The question to what extent the approaches useful for analyzing transport properties of doped crystals can be applied to doped alloys is explored via ab-initio calculation for permalloy doped with V, Co, Pt, and Au. For that purpose, the Kubo-Bastin equation is solved within the fully rel- 
I. INTRODUCTION
There have been growing efforts to complement conventional electronics, based on manipulating conducting electrons via charge, by spintronics, which manipulates the electron spin.
A prominent role is played in this respect by transport phenomena closely linked to the spin orbit coupling (SOC), such as the anomalous Hall effect (AHE), the spin Hall effect (SHE), or the anisotropic magnetoresistance (AMR). Intimately connected with the development of spintronics is the search for corresponding new materials. The modification of magnetic materials by doping is a promising and intensively studied way to make progress. Transport properties can be strongly influenced even by very low dopant concentrations. Understanding the underlying mechanisms responsible for the modification of transport properties is thus very important. A reliable ab-initio description of the way doping affects transport phenomena is a necessary part of this process.
So far the theoretical description in the field has focused mostly on how doping influences transport properties of crystalline, i.e., clean systems. Concepts and intuitive views have been established that can be conveniently used when interpreting experiments [1] [2] [3] . However, experimental and technological interest is turning also to alloys which offer a diverse range of properties. The question is to what extent the conceptual approaches that proved to be useful for doped crystals can be transferred to doped alloys. To start with, one of the key factors affecting theoretical analysis of transport in doped crystals is that the longitudinal charge conductivity tends to infinity for zero doping (for T =0 K). This is no longer true if the host is a disordered alloy. So one can presume that some trends of the transport properties with doping which are common and well understood for crystalline hosts will not occur for doped alloys.
One of the widely studied chemically disordered materials is permalloy Fe 19 Ni 81 . It is attractive because of its high magnetic permeability but also because of its transport properties, which are characterized by a high and low electrical conductivity in the majority and minority spin channels, respectively. Several studies how permalloy (Py) properties can be modified via doping by magnetic or non-magnetic atoms were published recently [4] [5] [6] [7] [8] [9] [10] [11] .
The aim of this study is to investigate transport properties of doped Py via ab-initio calculations, for zero and finite temperatures alike. Special attention is paid to understanding the trends with the doping and to how this compares with trends for crystalline hosts.
Apart from the longitudinal conductivity, we focus on the SOC-related phenomena AHE, SHE, and AMR. The dopants we consider are V, Co, Pt, and Au. In this way we cover a wide range of circumstances: E.g., Co is magnetic, V and Pt are non-magnetic but easily polarizable, Au is non-magnetic and hard to polarize. The induced magnetic moment of V and Pt is oriented antiparallel and parallel, respectively, to the magnetization of the Py host. The SOC is weak at V and Co but strong at Pt and Au. Co lies between Fe and Ni in the periodic table, so it will presumably not disturb the electronic structure of Py much while the other dopants should pose a substantial disturbance.
By performing ab-initio calculations and analyzing our results, we will show that the fact that the Py host is disordered and not crystalline has profound influence on the dependence of the AHE and SHE on the dopant concentration. Intuitive concepts such as skew scattering, side-jump scattering and intrinsic contribution thus cannot be mechanically applied if the host is disordered. Additionally, we will highlight few interesting relationships between the quantities of interest. Our theoretical results compare well with available experiments.
II. THEORETICAL SCHEME
A. Charge and spin conductivities
The charge and spin conductivities are calculated in a linear-response regime, using a particular form of the Kubo-Bastin equation [12] implemented using the fully relativistic multiple-scattering or Korringa-Kohn-Rostoker Green function (KKR-GF) method [13] . Introducing a generalized conductivity C µν , we can express it as [14] 
whereĜ + andĜ − are the advanced and retarded Green functions, respectively, Ω is the unit cell volume, and µ, ν are the Cartesian coordinates. If the generalized conductivity C µν stands for the the charge conductivity σ µν , the generalized current operatorÔ µ stands for the electric current operatorĵ µ , given within the relativistic formalism as [15] j = −|e|cα .
If C µν stands for the the spin Hall conductivity σ z µν (with the spin quantization axis along the z coordinate), thenÔ µ stands for the relativistic spin current density operatorĴ z µ , given by [14] 
Here the quantities e, m, and c have their usual meaning,p z is the canonical momentum, α and β are the standard 4×4 matrices occurring in the Dirac formalism, and Σ z and γ 5 are 4×4 matrices defines as
For more details see, e.g., Refs. 14, 16, and 17.
The angular brackets c in Eqs. (2) and (3) indicate averaging over configurations, as is required when investigating alloys. To perform this averaging we employ the coherent potential approximation (CPA). This encompasses the self-consistent determination of the single-site potentials as well as configurational averaging when calculating transport properties. In the latter case one has to include the so-called vertex corrections [18] , which account for the difference between a configurational average of a product and a product of configurational averages,
When dealing with transport properties, the vertex corrections are crucial to describe scattering processes at impurities [1, 3, 19] .
To study how the treatment of the disorder in the host influences calculated transport properties, we additionally did some calculations for which the host was treated as a crystal with artificial atoms, as in the virtual crystal approximation (VCA). Specifically, the host potential was constructed as a weighted average of single-site potentials for Fe and Ni (taken from a CPA calculation for undoped Py) and the corresponding atomic number was taken as a weighted average of Fe and Ni atomic numbers. Permalloy doped with V, Co, Pt, or Au was then treated as in a non self-consistent CPA calculation, where for the host potential we took the potential of the artificial "VCA permalloy crystal" and the dopant potential was taken from a proper CPA calculation. Such a procedure does not represent a good approximation for calculating transport properties, nevertheless, it enables us to highlight the differences arising from treating the host either as a periodic crystal or as a disordered alloy.
B. Dealing with finite temperature effects
Finite temperature effects were included by means of the so-called alloy analogy model [20] : temperature-induced atomic displacements and spin fluctuations are treated as localized and uncorrelated, giving rise to two additional types of disorder that can be described using the CPA. For this approach, the atomic potentials are considered as frozen. Local magnetic moments are assumed to be rigid, i.e., only transversal fluctuations are taken into account.
Atomic vibrations were described using 14 displacement vectors, each of them being assigned the same probability. The lengths of these displacement vectors were set to reproduce the temperature-dependent root mean square displacement u 2 as given by the Debye's theory [20] . Displacements for different element types on the same site were taken as identical. The Debye temperature Θ D was estimated for each composition as a weighted average of Debye temperatures of the constituting elements. Elemental Debye temperatures we used are listed in the Appendix.
Spin fluctuations were described by assuming that the local moments are oriented along pre-defined vectorsê f which are isotropically distributed; we allowed for 60 values of the polar angle θ f and 3 values of the azimuthal angle φ f . The probability x f of each spin orientation was obtained by relying on the mean-field theory [20] . Analogously to the treatment of the displacements, the probabilities x f are taken independent on which element occupies a given site.
Setting the probability x f requires knowing the temperature-dependent Weiss field parameter w(T ) [20] . 
where A is a constant. The Curie temperature T C for undoped Py can be taken from experiment (865 K). For doped Py we first evaluated the mean-field T C using exchange coupling constants obtained via the Liechtenstein formula [11, 21, 22] and then subtracted from it the difference between the mean-field and experimental T C for undoped Py (this difference is 220 K in our case). This approach is consistent with the study of Devonport et al. [10] on Cr-doped Py, where a more-or-less constant downward shift between theoretical and experimental T C can be observed. Finally, we set A=0.35 because this leads to a good agreement between the model and experimental M(T )/M(0) curves for Pt-doped Py [9] .
A representative selection of the M(T )/M(0) curves obtained thereby is presented in the Appendix.
C. Technical details
The real space representation of the Green function operatorĜ was evaluated within the ab-initio framework of spin-density functional theory, relying on the generalized gradient approximation using the Perdew, Burke and Ernzerhof (PBE) functional. The electronic structure embodied in the underlying effective single-particle Dirac Hamiltonian was calculated in a fully relativistic mode using the spin-polarized KKR-GF formalism [13] as implemented in the sprkkr code [23] . For the multipole expansion of the Green function, an angular momentum cutoff ℓ max =3 was used. The potentials were subject to the atomic sphere approximation (ASA). Self-consistent potentials were obtained employing energy integration on a semicircle in a complex plane using 32 points, the k-space integration was carried out via sampling on a regular mesh corresponding to 30 3 k-points in the full Brillouin zone (BZ).
For the V, Pt, and Au dopants, the equilibrium lattice constant a 0 was determined for each dopant concentration by minimizing the total energy. For the Co-doped Py, the conductivities were calculated always for the lattice constant obtained for undoped Py because the variation of a 0 with the Co concentration is very small and thus hardly discernible from the numerical noise. This is not surprising given the mutual positions of Fe, Co, and Ni in the periodic table.
The Kubo-Bastin formulae Eqs. (1)- (3) were evaluated using similar settings as used for self-consistent potentials except for the k-space integrations for energy points close to the real axis at E F , where a very dense mesh has to be used. The choice of the k-mesh is especially crucial for crystalline hosts [14] whereas if the host is an alloy the integrands are smoother and performing the k-mesh integration is not so difficult. Normally we used 576 3 k-points in the full BZ at E F and 288 3 k-points at the energy point next-nearest to E F . In case of zero-temperature calculations for undoped Py and for Py doped with Co, where the smoothening effect of alloying may not be so strong, we used 1263 3 k-points at E F and 631 3 k-points at the energy point next-nearest to E F , to be on the safe side. 
III. RESULTS AND DISCUSSION
A. Longitudinal conductivity and AMR
Calculation of transport quantities
Doping of Py leads to a decrease of the longitudinal charge conductivity σ xx , as illustrated in Fig. 1 (left). The rate of the decrease depends on the dopant, following the sequence
Co-Au-Pt-V. The same sequence characterizes also the dependence of the anisotropic magnetoresistance on the dopant concentration (middle panel of Fig. 1 ). This is, to a large extent, due to the definition of AMR as
because it is normalized to the average resistance
To provide an uncompensated picture, we show the bare difference ρ zz − ρ xx in the right panel of Fig. 1 .
We calculated also spin-resolved conductivities, following the prescription
We found that practically all the transport is mediated by majority-spin electrons:
is by an order of magnitude smaller than σ
(results not shown). In a two-current model, this would imply a large AMR -see Eq. (6) in Campbell et al. [24] .
Experimental data are available only for room temperature. Therefore we present in al. [7] , as well as than our theoretical data; the reason for this is unclear. For Au-doped Py, the trends of experimental and theoretical AMR do not quite agree as concerns the relative values (right bottom panel in Fig. 2 ) but the situation is better when comparing the absolute differences ρ zz − ρ xx (middle bottom panel).
To provide a more specific view, data for ρ aver are shown not only for the case when spin fluctuations and atomic vibrations are included together but also when either only the spin fluctuations are included or only the atomic vibrations are included. Note that for the V dopant, the three data sets are hardly distinguishable from each other on the scale of Fig. 2 .
One can see that the effects of spin fluctuations and of atomic vibrations are not additive, especially for higher dopant concentrations. The Matthiessen's rule is thus not valid in this case, similarly as it was found by some other theoretical studies of temperature-dependent transport [20, 25] . Another test can be done for undoped Py by comparing the temperature-dependence of the calculated resistivity ρ aver with available experimental data [27] . This is done in Fig. 3 .
Here we show also theoretical results of Starikov et al. [26] who modeled the temperatureinduced disorder by means of supercells. Our results agree quite well both with experiment and earlier calculations. 
Electronic structure analysis
To get an intuitive insight into the sequence Co-Au-Pt-V which characterizes the efficiency of various dopants in suppressing the high conductivity of Py (see Fig. 1 ), we inspect how the doping affects relevant aspects of the electronic structure. First, the Bloch spectral function A B (k, E) of undoped Py projected on majority-spin and minority-spin states, respectively, is shown in Fig. 4 . As it is well-known, the majority-spin states form well-defined bands, demonstrating that the disorder is weak for these states. For minority-spin states, on the other hand, a significant smearing of the bands is evident.
Doping Py with V, Co, Pt, or Au introduces smearing for the majority-spin states as well. From the point of view of transport properties, the most important changes occur around E F . A detailed view how the doping influences the Bloch spectral function at E F is presented in Fig. 5 . Here, we show majority-spin Bloch spectral function A B (k, E F ) for k in the vicinity of the point marked as 1 in Fig. 4 , for Py doped with 1% and 10% of V, Co, Pt, and Au. For the 1% dopant concentration, the changes with respect to the undoped case are relatively small, as to be expected. For the 10% dopant concentration, the changes are obvious. Note that as the spin is not a good quantum number (because of the SOC), the projection of A B (k, E F ) on the spin directions cannot be done unambigously. Namely, it reflects not only the exchange coupling but also the hybridization of spin states. However, our analysis is not really hindered by this.
One can be quantitative and evaluate for each of the peaks in A B (k, E F ) the corresponding full width at half maximum (FWHM). We performed this for all three bands which cross the Fermi level in Fig. 4 ; the results are shown in Table I . Generally, the FWHM's increase if the dopant is varied along the sequence Co-Au-Pt-V. The exception to this rule is the Au-Pt pair in the vicinity of the k point 1; this deviation is probably due to the SOC.
The FWMH of the Bloch spectral function corresponds to the inverse of the electronic life-time that enters the semiclassical theory of electron transport. We also checked the effect of the doping on the slope of the energy band which is linked to the corresponding group velocity. These variations are only few percents (even for 10% doping), with no clear systematic trend. The density of states at E F , which could be linked to the number of carriers, does not exhibit a systematic trend either and the variations with the doping are less than 10% (corresponding data are not shown). We conclude, therefore, that the decrease of the conductivity of Py upon doping can be traced, first of all, to the decrease of the electron life-time. The dopant type is specified in the legend.
these cases. On the other hand, for high dopant concentrations, when the scattering on the dopant atoms becomes the most important factor affecting transport properties, the results obtained when the host is treated within the CPA and when the host is treated within the VCA are getting similar.
Another feature which highlights the difference between crystalline and disordered host is that, in our case, the off-diagonal conductivities σ xy and σ z xy are not proportional to the longitudinal conductivity σ xx for low dopant concentrations, unlike what is common for crystalline hosts [17, 28, 31] . This can be clearly seen in Fig. 8 . If the host is treated within the CPA, the dependence of σ xy and σ z xy on σ xx is complicated and non-monotonous. If the host is treated within the VCA, both σ xy and σ z xy depend linearly on σ xx . Note that different dopants give rise to quite different dependencies of σ xy or σ z xy on σ xx . The fact that the host is a disordered system means that ascribing the processes underlying AHE and SHE to skew scattering, side-jump scattering, or intrinsic contribution in the same way as for crystalline hosts [1, 17, 28, 30, 31] is not meaningful. The above mentioned scheme, namely, assumes that for zero dopant concentration the electron participating in the transport is not scattered. This is true only if the host is a perfect periodic crystal. The very concept of scattering presumes that the electron moves freely when it is away from the scatterer. However, this is not the case if we consider V, Co, Pt, or Au as scatterers in Py because in a disordered host, the electron is being scattered even if there are no dopants.
Indeed, a brief look at Fig. 8 reveals that the dependence of σ xy (or σ z xy ) on σ xx is certainly not linear for low dopant concentrations (i.e., for high σ xx ). Only for a host that is treated within the VCA and hence formally considered as crystalline, linear fits of the σ xy (σ xx ) and σ z xy (σ xx ) dependencies could be found for low dopant concentrations and a mechanical identification of skew scattering and side-jump scattering contributions might be achieved. Such an identification would be, however, quite formal, with little real significance, because treating the host within the VCA would obviously be a very poor approximation for investigating transport properties (especially for low dopant concentrations). 
C. Dependence of AHE and SHE on the temperature
Experiments dealing with electron transport are often done at room temperature. Therefore we present in Fig. 9 the dependence of σ xy and σ z xy on the concentration of V, Co, Pt, and Au dopants for T =300 K, as it follows from the alloy analogy model. This plot should be compared with Fig. 6 where the same dependence is explored for T =0 K. It can be seen that the effect of the temperature is really significant: the dependence of σ xy and σ z xy on the dopants concentration is quite different for T =0 K and for T =300 K.
A possible reason why the concentration dependencies of σ xy and σ z xy change so much with temperature is that the vertex corrections become less and less important when the temperature increases. Thinking in a semi-classical picture, every electron undergoes a lot of scattering events if the temperature is high; there is more disorder, majority-spin electron states loose their crystal-like character, and the differences between various trajectories effectively decrease. All electrons undergo same scattering events in the end, albeit in a different sequence, and the vertex corrections become unimportant. To illustrate this point, we present in Fig. 10 the temperature-dependence of σ xy and σ z xy for Py doped with 6% of Co and 6% of Au calculated with the vertex corrections either included or omitted. For large enough temperatures the effect of vertex corrections is getting negligible.
As concerns the longitudinal conductivity σ xx , we checked that the vertex corrections are not important even for zero temperature. In accordance with this, the overall pattern characterizing the dependence of σ xx on the concentration of various dopants for T =0 K (Fig. 1) does not change if the temperature increases, even though the numerical values of σ xx obviously decrease if the temperature rises (results not shown).
If the temperature increases, the thermal effects should dominate and, consequently, the differences between various dopings should decrease. This can be seen in Fig. 11 , where we present the temperature-dependence of σ xy and σ common asymptotic value for a large T , independent on the doping.
Another view on the same issue can be obtained by inspecting the temperature-dependence of σ xy and σ z xy for different concentrations of the same dopant. This is done in Fig. 12 where we present result for undoped Py and for Py doped with 1%, 6%, and 10% of Pt. Similarly as in the case of Fig. 11 , the conductivities σ xy and σ z xy obtained for different dopant concentrations seem to converge if the temperature is sufficiently high.
The alloy analogy model we employ takes into account atomic vibrations and spin fluctuations together, on the same footing. We can also investigate both effects separately, as it was done for ρ aver in Fig. 2 . Illustrative results concerning the temperature-dependence of σ xx , σ xy , and σ z xy for Py doped with 6% of V and 6% of Pt are shown in Fig. 13 . It seems that there is no universal rule allowing to estimate beforehand which of the two effects -atomic vibrations or spin fluctuations -will be more important. E.g., the temperature-dependence of σ xy is dominated by atomic vibrations for V-doped Py and by spin fluctuations for Ptdoped Pt. Combining atomic vibrations and spin fluctuations is non-additive, as mentioned already in connection with the resistivity ρ aver displayed in Fig. 2 .
As concerns the comparison of our results with experiment, there are only few experimental data available for doped Py. Hrabec et al. [9] published data on the anomalous Hall resistivity ρ xy for Pt-doped Py, measured at room temperature. We compare their data with our theoretical results for T =0 K and for T =300 K in the left panel of Fig. 14. The agreement is less good than for the longitudinal transport (cf. Fig. 2 ). In particular, our calculations predict a sign-change of ρ xy for room temperature at about 5% concentration of Pt, whereas the data of Hrabec et al. [9] do not exhibit this. Also the values of ρ xy themselves differ (albeit they are in the same order of magnitude). It is not clear what can be the reason for this. Let us just note that as concerns the AMR for Pt-doped Py, the experimental data of Hrabec et al. [9] differ from the experimental data of Nagura et al. [4] and of Yin et al. [7] .
Calculated temperature-dependence of AHE and SHE resistivities ρ xy and ρ z xy , respectively, for bulk undoped Py can be compared to experiments done on thin films [32] . The data are shown in the right panel of Fig. 14. Both theory and experiment indicate that the SHE resistivity ρ z xy varies with temperature much strongly than the AHE resistivity ρ xy . However, despite the general agreement concerning the trends, there are differences between theory and experiment concerning particular values, especially for ρ z xy at low temperatures. At least part of these differences certainly is due to the fact that the experiment of Omori et al. [32] was done for films of 20 nm thickness, meaning that the experimental data reflect also effects due to the finite thickness of the film. In particular, the SHE resistivity ρ z xy measured at T =10 K for a 5 nm-thick film was -2 µΩcm whereas for a 20 nm-thick film it was only -0.3 µΩcm. Conjecturely, further increase of the film thickness would decrease the absolute value of ρ z xy even further, improving thus the agreement between our theory and experiment. Note that if the temperature increases, the agreement between theoretical and experimental ρ z xy improves. Presumably, this is because for high enough temperatures the effects of atomic vibrations and spin fluctuations will dominate over surface effects. 
where p is the spin polarization. Exploring the relation between σ xy and σ z xy for a range of systems like ours might be instructive. Therefore, we present in the left panel of Fig. 15 the SHE conductivity σ z xy as a function of the AHE conductivity σ xy (for T =0 K). We include here all contributions, i.e., those which are obtained without considering the vertex corrections (so-called coherent contributions) as well as those which follow from the vertex corrections (incoherent contributions). One can see immediately that the relation between σ z xy and σ xy is quite labyrinthine, with no obvious trends. 
